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1. Introduction
Throughout, let N, N0 =N∪ {0}, Z, R, and C be the sets of positive integers, nonnegative integers,
integers, real numbers, and complex numbers respectively. The set of even positive integers and the
set of odd positive integers will be written 2N and 2N − 1 respectively. In the sequel p will range
over the set of prime numbers. We shall often write (m,n) rather than gcd(m,n) and
∑
d|n rather
than
∑
d∈N
d|n
. Let φ be the Euler totient function, let μ be the Möbius mu function. The following
identities are well known
φ(n) = n
∏
p|n
(
1− 1
p
)
,
∑
d|n
φ(d) = n,
∑
d|n
μ(d) = 1/n, (1)
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∑
d|n
μ(d)ds =
∏
p|n
(
1− ps) for s ∈ Z \ {0}.
Further it can be veriﬁed that
∑
1ln
gcd(l,n)=1
ls =
∑
d|n
μ(d)ds
n
d∑
j=1
js (s ∈N). (2)
In particular for s = 2 and n > 1, we obtain by virtue of (1) and (2)
∑
1l<n
(l,n)=1
l2 = 1
6
∑
d|n
μ(d)d2
(
2n3
d3
+ 3n
2
d2
+ n
d
)
= n
3
3
∑
d|n
μ(d)
d
+ n
2
2
∑
d|n
μ(d) + n
6
∑
d|n
μ(d)d
= n
3
3
∏
p|n
(
1− 1
p
)
+ n
6
∏
p|n
(1− p). (3)
For a nonnegative integer k let σk be the sum of kth powers divisor function. For k = 0 we shall
write d(n) rather than σ0(n) and for k = 1 we shall simply write σ(n) rather than σ1(n). The sum of
kth powers of odd divisors of n will be written as σ ok (n).
Deﬁnition 1. For n ∈N let the sets B(n), B ′(n), and B ′′(n) be deﬁned as follows:
B(n) = {(a,b, x, y) ∈N4: ax+ by = n},
B ′(n) = {(a,b, x, y) ∈ B(n): gcd(a,b) = gcd(x, y) = 1},
B ′′(n) = {(a,b, x, y) ∈ B(n): gcd(a,b, x, y) = 1},
and for n ∈ 2N let the sets O (n), O ′(n), and O ′′(n) be deﬁned as follows:
O (n) = {(a,b, x, y) ∈ (2N− 1)4: ax+ by = n},
O ′(n) = {(a,b, x, y) ∈ O (n): gcd(a,b) = gcd(x, y) = 1},
O ′′(n) = {(a,b, x, y) ∈ O (n): gcd(a,b, x, y) = 1}.
Deﬁnition 2. For n ∈N let
G(n) = #{(a,b, c,d, x, y) ∈N20 ×N4: (a + c,b + d, x, y) ∈ B ′(n)},
H(n) = #{(k, l,a,b, c,d, x, y) ∈N8: (k(a + b), l(c + d), x, y) ∈ B ′(n)
and (a,b) = (c,d) = 1},
K (n) = #{(a,b, c,d, x, y) ∈N20 ×N4: (a + c,b + d, x, y) ∈ B ′′(n)},
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and (a,b) = (c,d) = 1},
and for n ∈ 2N let
G ′(n) = #{(a,b, c,d, x, y) ∈N20 ×N4: (a + c,b + d, x, y) ∈ O ′(n)},
H ′(n) = #{(k, l,a,b, c,d, x, y) ∈N8: (k(a + b), l(c + d), x, y) ∈ O ′(n)
and (a,b) = (c,d) = 1},
K ′(n) = #{(a,b, c,d, x, y) ∈N20 ×N4: (a + c,b + d, x, y) ∈ O ′′(n)},
L′(n) = #{(k, l,a,b, c,d, x, y) ∈N8: (k(a + b), l(c + d), x, y) ∈ O ′′(n)
and (a,b) = (c,d) = 1}.
Arithmetic sums of the types
∑
(a,b,x,y)∈B(n)
(
f (a − b) − f (a + b)) and ∑
(a,b,x,y)∈O (n)
(
f (a − b) − f (a + b)) (4)
were ﬁrst investigated by Liouville in his seminal work on elementary methods in number theory, see
for instance Liouville [4,5]. A comprehensive treatment of Liouville’s methods has been given in a new
book by Williams [9]. Related work on sums of Liouville type can be found for instance in McAfee [7],
Meissner [8], Alaca et al. [1], and Mathews [6]. In our previous paper [3] we considered sums over
the sets B ′(n) and O ′(n) and found the following two identities. For a positive integer n > 1 and an
even function f : Z→C we have
∑
(a,b,x,y)∈B ′(n)
(
f (a − b) − f (a + b))= ( f (0) + 2 f (1) − f (n))φ(n) − 2 ∑
1l<n
(l,n)=1
f (l). (5)
If moreover n is even, then∑
(a,b,x,y)∈O ′(n)
(
f (a + b) − f (a − b))= ( f (n) − f (0))φ(n). (6)
Our methods of proof parallel precisely those of Williams in [9] for the sums (4). In this note we
shall use the formulas (5) and (6) to count G(n), H(n), G ′(n), and H ′(n), we shall give identities for
the new sums of even functions ranging over the sets B ′′(n) and O ′′(n), and we shall provide some
applications including formulas for K (n), L(n), K ′(n), and L′(n) for special cases of n. For current
purposes we need the following deﬁnitions.
Deﬁnition 3. For k ∈ Z let Fk and F ∗k be the functions on Z deﬁned as follows:
Fk(n) =
{
1, if k | n;
0, otherwise.
F ∗k (n) =
{
1, if k | n and nk is odd;
0, otherwise.
Deﬁnition 4. For a nonempty ﬁnite set of positive integers A and a positive integer n let the function
Φ(A,n) be deﬁned as follows:
Φ(A,n) = #{a ∈ A: gcd(a,n) = 1}.
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Φ(A,n) =
∑
d|n
μ(d)
∑
a∈A
(⌊
a
d
⌋
−
⌊
a − 1
d
⌋)
. (7)
If A is an integer interval [1,m], we simply write Φ(m,n) rather than Φ([1,m],n). In this case, we
get by formula (7)
Φ(m,n) =
∑
d|n
μ(d)
⌊
m
d
⌋
. (8)
Some of our applications suggest the following deﬁnitions of divisor functions in two variables.
Deﬁnition 5. Let the functions σ ′ , and σ ′′ , γ ′ , and γ ′′ be deﬁned on N2 as follows:
σ ′(m,n) = σ ′(n,m) =
∑
(d,e)∈N2
d|m, e|n
(d,e)=(md , ne )=1
de,
σ ′′(m,n) = σ ′′(n,m) =
∑
d|m, e|n
(d,e,md ,
n
e )∈(2N−1)4
(d,e)=(md , ne )=1
de,
γ ′(m,n) = γ ′(n,m) =
∑
(d,e)∈N2
d|m, e|n
(d,e,md ,
n
e )=1
de,
γ ′′(m,n) = γ ′′(n,m) =
∑
d|m, e|n
(d,e,md ,
n
e )∈(2N−1)4
(d,e,md ,
n
e )=1
de.
2. Formulas for G(n), H(n), G ′(n) and H ′(n)
Theorem 1. (a) If 1 < n ∈N, then
n−1∑
m=1
σ ′(m,n −m) =
∑
(a,b,x,y)∈B ′(n)
ab =
(
5n3
12
− n
2
)∏
p|n
(
1− 1
p
)
− n
12
∏
p|n
(1− p).
(b) If n ∈ 2N, then
n−1∑
m=1
σ ′′(m,n −m) =
∑
(a,b,x,y)∈O ′(n)
ab = n
2
4
∏
p|n
(
1− 1
p
)
.
Proof. (a) The ﬁrst identity in this part is easily veriﬁed. As to the second identity, an application of
the relation (5) to the function f (k) = k2 yields
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∑
(a,b,x,y)∈B ′(n)
ab = (2− n2)φ(n) − 2 ∑
1l<n
(l,n)=1
l2,
which with the help of the properties (1) and (3) becomes
−4
∑
(a,b,x,y)∈B ′(n)
ab = (2n − n3)∏
p|n
(
1− 1
p
)
− 2n
3
3
∏
p|n
(
1− 1
p
)
− n
3
∏
p|n
(1− p),
or equivalently,
∑
(a,b,x,y)∈B ′(n)
ab =
(
5n3
12
− n
2
)∏
p|n
(
1− 1
p
)
+ n
12
∏
p|n
(1− p).
(b) The ﬁrst formula is clear. As to the second formula, apply the relation (6) to the function
f (k) = k2 and argue as in part (a). This completes the proof. 
Theorem 2. (a) If 1 < n ∈N, then
G(n) = H(n) =
(
5n3
12
− n
2
)∏
p|n
(
1− 1
p
)
− n
12
∏
p|n
(1− p).
(b) If n ∈ 2N, then
G ′(n) = H ′(n) = n
2
4
∏
p|n
(
1− 1
p
)
.
Proof. (a) We have
G(n) =
∑
(a,b,c,d,x,y)∈N20×N4
(a+c,b+d,x,y)∈B ′(n)
1
=
∑
(u,v,x,y)∈B ′(n)
( ∑
(a,c)∈N0×N
a+c=u
1
)( ∑
(b,d)∈N0×N
b+d=v
1
)
=
∑
(u,v,x,y)∈B ′(n)
uv
and
H(n) =
∑
(k,l,a,b,c,d,x,y)∈N8
(k(a+b),k(c+d),x,y)∈B ′(n)
(a,b)=(c,d)=1
1
=
∑
(u,v,x,y)∈B ′(n)
(∑
d|u
∑
(a,b)∈N2
(a,b)=1
1
)(∑
e|v
∑
(c,d)∈N2
(c,d)=1
1
)a+b=d c+d=d
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∑
(u,v,x,y)∈B ′(n)
(∑
d|u
φ(d)
)(∑
e|v
φ(e)
)
=
∑
(u,v,x,y)∈B ′(n)
uv.
Thus
G(n) = H(n) =
∑
(u,v,x,y)∈B ′(n)
uv =
(
5n3
12
− n
2
)∏
p|n
(
1− 1
p
)
− n
12
∏
p|n
(1− p),
where the last identity follows by Theorem 1(a).
(b) Similar. 
3. A sum ranging over B′′(n)
We need the following lemma.
Lemma 1. Let d and n be positive integers such that d | n. Then
(a)
∑
(x,y)∈N2
x+y= nd
(d,x,y)=1
1 = Φ
(
n
d
− 1,gcd
(
n
d
,d
))
=
∑
e|(d, nd )
μ(e)
(
n
ed
− 1
)
.
(b)
∑
(a,b,x)∈N3
(a+b)x=n
a+b=d
(a,b,x)=1
1 = Φ
(
d − 1,gcd
(
d,
n
d
))
=
∑
e|(d, nd )
μ(e)
(
d
e
− 1
)
.
Proof. (a) Immediate from identity (8) and the fact that
∑
(x,y)∈N2
x+y= nd
(d,x,y)=1
1 =
∑
x∈N, x< nd
(x,d, nd )=1
1.
(b) Immediate from identity (8) and the fact that
∑
(a,b,x)∈N3
(a+b)x=n
a+b=d
(a,b,x)=1
1 =
∑
a∈N,a<d
(a,d, nd )=1
1. 
Further we need the following lemma which is the analogue of Theorem 10.2 in Williams [9]. The
proof we provide here is essentially the same as the proof of Williams, see [9, pp. 102–105].
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2
∑
(a,b,x,y)∈B ′′(n)
a−b=k
1−
∑
(a,b,x,y)∈B ′′(n)
a+b=k
1 = Fk(n)
∑
d|(k, nk )
μ(d)
(
2n
dk
− k
d
− 1
)
− 2
∑
d|n
d>k
(k,d, nd )=1
1.
Proof. Let
X = {(b, x, y) ∈N3: kx+ by = n and gcd(k,b, x, y) = 1},
and let
A1 =
∑
(b,x,y)∈X
x<y
1, A2 =
∑
(b,x,y)∈X
x=y
1, A3 =
∑
(b,x,y)∈X
x>y
1,
B1 =
∑
(b,x,y)∈X
b<k
1, B2 =
∑
(b,x,y)∈X
b=k
1, B3 =
∑
(b,x,y)∈X
b>k
1.
Then clearly
A1 + A2 + A3 = B1 + B2 + B3 =
∑
(b,x,y)∈X
1.
Furthermore,
A3 =
∑
(b,x,y)∈N3
kx+by=n
(k,b,x,y)=1
x>y
1 =
∑
(b,x′,y)∈N3
k(x′+y)+by=n
(k,b,x′,y)=1
1 =
∑
(b,x′,y)∈N3
kx′+(k+b)y=n
(k,b,x′,y)=1
1 =
∑
(b′,x,y)∈N3
kx+b′ y=n
(k,b′,x,y)=1
b′>k
1 = B3,
implying that
A1 + A2 = B1 + B2. (9)
As to A2 we have
A2 =
∑
(b,x,y)∈X
x=y
1 =
∑
b∈N
(k+b)|n
(b,k, nb+k )=1
1 =
∑
d|n
d>k
(k,d, nd )=1
1.
As to B2, with the help of Lemma 1(a) we have
B2 =
∑
(b,x,y)∈X
b=k
1 = Fk(n)
∑
(x,y)∈N2
x+y= nk
(k,x,y)=1
1 = Fk(n)
∑
d|(k, nk )
μ(d)
(
n
dk
− 1
)
.
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A1 − B1 = B2 − A2 = Fk(n)
∑
d|(k, nk )
μ(d)
(
n
dk
− 1
)
−
∑
d|n
d>k
(k,d, nd )=1
1. (10)
On the other hand, ∑
(a,b,x,y)∈B ′′(n)
a−b=k
1 =
∑
(b,x,y)∈N3
(b+k)x+by=n
(b,k,x,y)=1
1 =
∑
(b,x,y)∈N3
kx+b(x+y)=n
(b,k,x,y)=1
1 =
∑
(b,x,y′)∈X
x<y′
1 = A1,
and
∑
(a,b,x,y)∈B ′′(n)
a+b=k
1 =
∑
(a,b,x,y)∈B ′′(n)
a+b=k
x<y
1+
∑
(a,b,x,y)∈B ′′(n)
a+b=k
x>y
1+
∑
(a,b,x,y)∈B ′′(n)
a+b=k
x=y
1
= 2
∑
(a,b,x,y)∈B ′′(n)
a+b=k
x<y
1+
∑
(a,b,x)∈N3
(a+b)x=n
a+b=k
(a,b,x)=1
1
= 2
∑
(a,b,x,y′)∈N4
ax+b(x+y′)=n
a+b=k
(a,b,x,y′)=1
1+ Fk(n)
∑
d|(k, nk )
μ(d)
(
k
d
− 1
)
= 2
∑
(a,b,x,y′)∈N4
(a+b)x+by′=n
a+b=k
(a,b,x,y′)=1
1+ Fk(n)
∑
d|(k, nk )
μ(d)
(
k
d
− 1
)
= 2
∑
(b,x,y)∈X
b<k
1+ Fk(n)
∑
d|(k, nk )
μ(d)
(
k
d
− 1
)
= 2B1 + Fk(n)
∑
d|(k, nk )
μ(d)
(
k
d
− 1
)
,
where the third identity follows from Lemma 1(b). Now with the help of identity (10) we have
2
∑
(a,b,x,y)∈B ′′(n)
a−b=k
1−
∑
(a,b,x,y)∈B ′′(n)
a+b=k
1 = 2A1 − 2B1 − Fk(n)
∑
d|(k, nk )
μ(d)
(
k
d
− 1
)
= 2Fk(n)
∑
d|(k, nk )
μ(d)
(
n
dk
− 1
)
− 2
∑
d|n
d>k
(k,d, n )=1
1d
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∑
d|(k, nk )
μ(d)
(
k
d
− 1
)
= Fk(n)
∑
d|(k, nk )
μ(d)
(
2n
dk
− k
d
− 1
)
− 2
∑
d|n
d>k
(k,d, nd )=1
1.
This completes the proof. 
We note that the following theorem is the analogue of Theorem 10.1 in Williams [9] and that the
proof provided here is essentially the same as the proof of Williams, see [9, pp. 105–107].
Theorem 3. If f : Z→C is an even function, then
∑
(a,b,x,y)∈B ′′(n)
(
f (a − b) − f (a + b))= f (0)∑
d|n
∑
e|(d, nd )
μ(e)
(
d
e
− 1
)
+
∑
d|n
f (d)
∑
e|(d, nd )
μ(e)
(
2n
de
− d
e
− 1
)
− 2
∑
d|n
∑
1l<d
(l,d, nd )=1
f (l).
Proof. We have
∑
(a,b,x,y)∈B ′′(n)
(
f (a − b) − f (a + b)) =∑
k∈Z
f (k)
∑
(a,b,x,y)∈B ′′(n)
a−b=k
1−
∑
k∈N
f (k)
∑
(a,b,x,y)∈B ′′(n)
a+b=k
1
= f (0)
∑
(a,x,y)∈N3
a(x+y)=n
(a,x,y)=1
1+
∑
k∈N
f (k)
∑
(a,b,x,y)∈B ′′(n)
a−b=k
1
+
∑
k∈N
f (−k)
∑
(a,b,x,y)∈B ′′(n)
a−b=−k
1−
∑
k∈N
f (k)
∑
(a,b,x,y)∈B ′′(n)
a+b=k
1.
By Lemma 1(a), the fact that f is even, and Lemma 2 we obtain
∑
(a,b,x,y)∈B ′′(n)
(
f (a − b) − f (a + b)) = f (0)∑
d|n
∑
e|(d, nd )
μ(e)
(
n
de
− 1
)
+
n∑
k=1
f (k)
(
2
∑
(a,b,x,y)∈B ′′(n)
a−b=k
1−
∑
(a,b,x,y)∈B ′′(n)
a+b=k
1
)
= f (0)
∑
d|n
∑
e|(d, nd )
μ(e)
(
d
e
− 1
)
+
n∑
k=1
f (k)
(
Fk(n)
( ∑
d|(k, n )
μ(d)
(
2n
dk
− k
d
− 1
))
k
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∑
d|n
d>k
(k,d, nd )=1
1
)
= f (0)
∑
d|n
∑
e|(d, nd )
μ(e)
(
d
e
− 1
)
+
∑
d|n
f (d)
∑
e|(d, nd )
μ(e)
(
2n
de
− d
e
− 1
)
− 2
n∑
l=1
(
f (l)
∑
d|n
d>l
(l,d, nd )
1
)
= f (0)
∑
d|n
∑
e|(d, nd )
μ(e)
(
d
e
− 1
)
+
∑
d|n
f (d)
∑
e|(d, nd )
μ(e)
(
2n
de
− d
e
− 1
)
− 2
∑
d|n
∑
1l<d
(l,d, nd )=1
f (l).
This completes the proof. 
4. A sum ranging over O ′′(n)
We need the following lemma.
Lemma 3. Let n ∈N and let d ∈ 2N such that d | n. Then
∑
(x,y)∈(2N−1)2
x+y=d
(x,y, nd )=1
1 = Φ
(
{1,3,5, . . . ,d − 1},gcd
(
d,
n
d
))
=
∑
e|(d, nd )
μ(e)
( d
2∑
i=1
(⌊
2i − 1
e
⌋
−
⌊
2i − 2
e
⌋))
.
Proof. Immediate by (7) and the fact that
∑
(x,y)∈(2N−1)2
x+y=d
(x,y, nd )=1
1 =
∑
x<d
x∈2N−1
(x,d, nd )=1
1. 
We need one more lemma which is the analogue of Problem 11 of Exercises 10 in Williams [9,
p. 112].
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2
∑
(a,b,x,y)∈O ′′(n)
a−b=k
1−
∑
(a,b,x,y)∈O ′′(n)
a+b=k
1 = −F ∗k (n)
∑
d|(k, nk )
μ(d)
k/2∑
i=1
(⌊
2i − 1
d
⌋
−
⌊
2i − 2
d
⌋)
.
Proof. Let
Y = {(b, x, y) ∈ (2N− 1)2 × 2N: kx+ by = n and gcd(k,b, x, y) = 1},
and
A1 =
∑
(b,x,y)∈Y
x<y
1, A2 =
∑
(b,x,y)∈Y
x>y
1, B1 =
∑
(b,x,y)∈Y
b<k
1, B2 =
∑
(b,x,y)∈Y
b>k
1,
and use the same type of argument as in the proof of Lemma 2 to deduce the desired identity. 
Our next theorem is the analogue of Problem 12 of Exercises 10 in Williams [9, p. 113].
Theorem 4. If f : Z→C is an even function and n is an even positive integer, then
∑
(a,b,x,y)∈O ′′(n)
(
f (a − b) − f (a + b))
= f (0)
∑
d|n
(d, nd )∈2N−1×2N
∑
e|(d, nd )
μ(e)
n
2d∑
i=1
(⌊
2i − 1
e
⌋
−
⌊
2i − 2
e
⌋)
−
∑
d|n
(d, nd )∈2N×2N−1
f (d)
∑
e|(d, nd )
μ(e)
d
2∑
i=1
(⌊
2i − 1
e
⌋
−
⌊
2i − 2
e
⌋)
.
Proof. As f is an even function we have
∑
(a,b,x,y)∈O ′′(n)
(
f (a − b) − f (a + b))
= f (0)
∑
(a,x,y)∈(2N−1)3
a(x+y)=n
(a,x,y)=1
1+
∑
k∈2N
f (k)
(
2
∑
(a,b,x,y)∈O ′′(n)
a−b=k
1−
∑
(a,b,x,y)∈O ′′(n)
a+b=k
1
)
= f (0)
∑
a|n
(a, na )∈(2N−1)×2N
∑
(x+y)∈(2N−1)2
x+y= na
(x,a, na )=1
1,
which by Lemma 3 and Lemma 4 implies that
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(a,b,x,y)∈O ′′(n)
(
f (a − b) − f (a + b))
= f (0)
∑
d|n
(d, nd )∈(2N−1)×2N
∑
e|(d, nd )
μ(e)
n
2d∑
i=1
(⌊
2i − 1
e
⌋
−
⌊
2i − 2
e
⌋)
−
∑
d|n
(d, nd )∈2N×2N−1
f (d)
∑
e|(d, nd )
μ(e)
d
2∑
i=1
(⌊
2i − 1
e
⌋
−
⌊
2i − 2
e
⌋)
.
This completes the proof. 
Theorem 5. If p is an odd prime, then
∑
(a,b,x,y)∈O ′′(2p2)
(
f (a − b) − f (a + b))= (p2 + p) f (0) − f (2) − (p − 1) f (2p) − p2 f (2p2).
Proof. Let n = 2p2. Then it easily veriﬁed that
∑
d|n
(d, nd )∈2N−1×2N
∑
e|(d, nd )
μ(e)
n
2d∑
i=1
(⌊
2i − 1
e
⌋
−
⌊
2i − 2
e
⌋)
= p2 + p,
and that
∑
d|n
(d, nd )∈2N×2N−1
f (d)
∑
e|(d, nd )
μ(e)
d
2∑
i=1
(⌊
2i − 1
e
⌋
−
⌊
2i − 2
e
⌋)
= f (2) + (p − 1) f (2p) + p2 f (2p2).
Putting in Theorem 4 yields the desired formula. 
5. Formulas for K (n), L(n), K ′(n), and L′(n)
Theorem 6. (a) If m < n are positive integers such that n is square-free, then
n−1∑
m=1
γ ′(m,n −m) =
∑
(a,b,x,y)∈B ′′(n)
ab = 5
12
σ3(n) − 6n − 1
12
σ(n).
(b) If m < n are positive integers such that n is even and square-free, then
n−1∑
m=1
γ ′′(m,n −m) =
∑
(a,b,x,y)∈O ′′(n)
ab = σ o3 (n).
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the function f (k) = k2 yields
−4
∑
(a,b,x,y)∈B ′′(n)
ab =
∑
d|n
d2
(
2n
d
− d − 1
)
− 2
∑
d|n
d−1∑
l=1
l2
= 2nσ(n) − σ3(n) − σ2(n) − 2
3
σ3(n) + σ2(n) − 1
3
σ(n)
= 6n − 1
3
σ(n) − 5
3
σ3(n),
or equivalently
∑
(a,b,x,y)∈B ′′(n)
ab = 5
12
σ3(n) − 6n − 1
12
σ(n).
This completes the proof.
(b) Similar. 
Theorem 7. (a) If 1 < n ∈N is square-free, then
K (n) = L(n) = 5
12
σ3(n) − 6n − 1
12
σ(n).
(b) If n ∈ 2N is square-free, then
K ′(n) = L′(n) = σ o3 (n).
(c) If p is an odd prime, then
K ′
(
2p2
)= L′(2p2)= p2(p4 + p − 1)+ 1.
Proof. Note ﬁrst that using the same idea as in the proof of Theorem 2 we have
K (n) = L(n) =
∑
(u,v,x,y)∈B ′′(n)
uv (n > 1),
K ′(n) = L′(n) =
∑
(u,v,x,y)∈O ′′(n)
uv (n ∈ 2N).
Combining these facts with Theorem 6 gives parts (a) and (b). As to part (c), by Theorem 5 applied to
the function f (k) = k2 we have
−4
∑
(a,b,x,y)∈O ′′(2p2)
ab = −4− (p − 1)4p2 − p24p4,
which means that ∑
(a,b,x,y)∈O ′′(2p2)
ab = 1+ p2(p + 1) + p6.
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K ′
(
2p2
)= L′(2p2)= ∑
(a,b,x,y)∈O ′′(2p2)
ab
to conclude the desired identity. 
6. Other applications
The next theorem is inspired by Problem 2 of Exercises 10 in Williams [9, p. 111].
Theorem 8. (a) If 1 < n ∈N is square-free, then
∑
(a,b,x,y)∈B ′′(n)
a = −nd(n) + σ2(n).
(b) If n ∈ 2N is a square-free, then
∑
(a,b,x,y)∈O ′′(n)
a = σ2
(
n
2
)
.
Proof. (a) Suppose that n is square-free. Then with the help of Lemma 1 we have
∑
(a,x,y)∈N3
a(x+y)=n
(a,x,y)=1
a =
∑
a|n
a
∑
(x,y)∈N2
x+y= na
(a,x,y)=1
1
=
∑
a|n
a
∑
d|(a, na )
μ(d)
(
n
da
− 1
)
=
∑
a|n
(
n
a
− 1
)
= nd(n) − σ(n). (11)
Thus
∑
(a,b,x,y)∈B ′′(n)
a = 2
∑
(a,b,x,y)∈B ′′(n)
a<b
a +
∑
(a,x,y)∈N3
a(x+y)=n
(a,x,y)=1
a = 2
∑
(a,b,x,y)∈B ′′(n)
a<b
a + nd(n) − σ(n). (12)
Now let f be the absolute value function, f (k) = |k|. Then on the one hand, we get with the help of
formula (11)
∑
(a,b,x,y)∈B ′′(n)
(|a − b| − |a + b|) = −2 ∑
(a,b,x,y)∈B ′′(n)
a<b
a − 2
∑
(a,b,x,y)∈B ′′(n)
a>b
b − 2
∑
(a,x,y)∈N3
a(x+y)=n
(a,x,y)=1
a
= −4
∑
(a,b,x,y)∈B ′′(n)
a<b
a − 2nd(n) + 2σ(n).
On the other hand, by Theorem 3 we have
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(a,b,x,y)∈B ′′(n)
(|a − b| − |a + b|) =∑
d|n
d
(
2n
d
− d − 1
)
− 2
∑
d|n
d−1∑
k=1
d
= 2nd(n) − σ2(n) − σ(n) −
∑
d|n
(
d2 − d)= 2nd(n) − 2σ2(n).
Then
−4
∑
(a,b,x,y)∈B ′′(n)
a<b
a = 4nd(n) − 2σ(n) − 2σ2(n),
which combined with relation (12) gives
∑
(a,b,x,y)∈B ′′(n)
a = −2nd(n) + σ(n) + σ2(n) + nd(n) − σ(n) = −nd(n) + σ2(n).
(b) Suppose now that n is even and square-free. Then
∑
(a,b,x)∈(2N−1)3
a(x+y)=n
(a,x,y)=1
a =
∑
a|n
a∈2N−1
a
∑
x< na
x∈2N−1
(x,a, na )=1
1 =
∑
a|n
a∈2N−1
a
∑
x< na
x∈2N−1
1 = n
2
∑
d|n
d∈(2N−1)
1, (13)
and therefore
∑
(a,b,x,y)∈O ′′(n)
a = 2
∑
(a,b,x,y)∈O ′′(n)
a<b
a +
∑
(a,x,y)∈(2N−1)3
a(x+y)=n
(a,x,y)=1
a
= 2
∑
(a,b,x,y)∈B ′′(n)
a<b
a + n
2
∑
d|n
d∈(2N−1)
1. (14)
Let f (k) = |k|. Then with the help of identity (13) we have
∑
(a,b,x,y)∈O ′′(n)
(|a − b| − |a + b|) = −4 ∑
(a,b,x,y)∈O ′′(n)
a<b
a − 2
∑
(a,x,y)∈N3
a(x+y)=n
(a,x,y)=1
a
= −4
∑
(a,b,x,y)∈O ′′(n)
a<b
a − n
∑
d|n
d∈(2N−1)
1.
On the other hand, by Theorem 4 we obtain
∑
(a,b,x,y)∈O ′′(n)
(|a − b| − |a + b|)= − ∑
d|n
d
d
2∑
i=1
1 = −1
2
∑
d|n
d2 = −2σ2
(
n
2
)
.d∈2N d∈2N
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∑
(a,b,x,y)∈O ′′(n)
a<b
a = 1
2
σ2
(
n
2
)
− n
4
∑
d|n
d∈(2N−1)
1,
which combined with the relation (14) yields
∑
(a,b,x,y)∈O ′′(n)
a = σ2
(
n
2
)
.
This completes the proof. 
Theorem 9. If p is an odd prime, then
∑
(a,b,x,y)∈O ′′(2p2)
(−1) a−12 + b−12 = p2 + p.
Proof. Application of Theorem 5 to the function f : Z → R deﬁned by f (a) = cos(at) where t ∈ R
gives
2
∑
(a,b,x,y)∈O ′′(2p2)
sin(at) sin(bt) = p2 + p − cos(2t) − (p − 1) cos(2pt) − p2 cos(2p2t).
Taking t = π2 in the previous identity, we get
2
∑
(a,b,x,y)∈O ′′(2p2)
(−1) a−12 (−1) b−12 = 2p2 + 2p,
and the desired formula follows. 
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